We present an evolutionary construction technique of formation energy convex hull to search for thermodynamically stable compounds. In this technique, candidates with a wide variety of chemical compositions and crystal structures are created by systematically applying evolutionary operators, "mating", "mutation", and "adaptive mutation", to two target compounds, and the convex hull is directly updated through the evolution. We applied the technique to carbon-hydrogen binary system at 10 GPa and obtained 15 hydrocarbons within the convex hull distance less than 0.5 mRy/atom: graphane, polybutadiene, polyethylene, butane, ethane, methane, three molecular compounds of ethane and methane, and six molecular compounds of methane and hydrogen. These results suggest that our evolutionary construction technique is useful for the exploration of stable phases under extreme conditions and the synthesis of new compounds.
I. INTRODUCTION
Search for thermodynamically stable compounds is crucial for the design and synthesis of novel functional materials and the understanding of the behavior of materials under extreme conditions. For example, an impressive achievement with respect to it is the discovery of high-temperature superconductivity in hydrides stabilized under high pressure conditions [1] [2] [3] [4] [5] [6] [7] [8] . In firstprinciples calculations, thermodynamically stable phases of materials are predicted by constructing a convex hull with respect to formation energy of the compounds. If a binary compound, α 1−x β x , is considered as an example, thermodynamically stable chemical compositions are typically explored through the following four steps: (1) determination of the most stable crystal structure at a fixed composition rate x using structure search techniques such as random sampling 9 , evolutionary algorithm 10 , particle-swarm optimization 11 , etc., (2) calculation of formation energy E of the compound with respect to α and β, (3) repeat of the same calculations changing x, and (4) construction of the convex hull curve by plotting E for x. The compositions on the convex hull correspond to thermodynamically stable ones. This approach has been successful in the discovery of new materials including superconducting hydrides mentioned above, whereas it requires greater computational resources, i.e. a large number of structural optimizations, to construct the convex hull accurately. Moreover, many calculations end up in a wasted effort because the appearance of the compounds on the convex hull is a rare event. Therefore, it is important for the increase of the search efficiency to use a direct construction approach of the convex hull without the procedure through the four steps, and various improvements have been carried out 12, 13 .
In this study, we propose an approach for the direct search, which we call "evolutionary construction tech-nique of formation energy convex hull". In this technique, candidates with a wide variety of chemical compositions and crystal structures are created by systematically applying evolutionary operators, "mating", "mutation" consisting of permutation, distortion, reflection, modulation, addition, elimination, and substitution, and "adaptive mutation", to stable and metastable compounds on or near the convex hull. After the structural optimizations, the convex hull is updated. By repeatedly performing this process, the convex hull is evolutionarily constructed, which achieves more efficient search for thermodynamically stable compounds compared with the typical approach based on the exhaustive search. In this paper, we show the details of the method and its application to carbon-hydrogen binary system.
II. DETAILS OF EVOLUTIONARY CONSTRUCTION TECHNIQUE
Evolutionary algorithm requires setting and tunning many parameters such as "heredity rate", "permutation rate", "mutation rate", "selection rate", "population size", and so on. On the other hand, in our technique the parameter setting and tuning are reduced because potential candidates are systematically created according to rules described below. Figure 1 shows the flowchart of the evolutionary construction technique. Let us consider the case of a binary system, α (x = 0) and β (x = 1). At the preliminary generation (n gen = 0), chemical compositions and crystal structures are generated by randomly mixing the two elements, and the structural optimizations are performed. Then, the formation energies from the elements are calculated, and the preliminary convex hull is constructed.
From the first generation (n gen = 1), two target compounds, T1 and T2, are freely selected from the com- pounds which emerge on or near the convex hull. Then, the evolutionary operator, mutation, is applied to each of T1 and T2, as shown in Fig. 2 . The mutation consists of seven operators as follows: permutation, distortion, reflection, modulation, addition, elimination, and substitution. The permutation is the operator that the positions are exchanged between different atomic species. The distortion is the operator that the lattice parameters, i.e. three lengths and three angles, are randomly changed. The reflection is the operator that atomic positions are partially converted according to a reflection about a mirror on the ab, bc, or ca plane. The modulation is the operator that a zigzag modulation is randomly provided to the calculation cell doubled along the axis with the smallest length of the three, which is effective for the discovery of long-period structures such as modulated structures observed in elemental metals under high pressure [14] [15] [16] . In contrast to the above four operators, the addition, elimination, and substitution are the operators varying the chemical composition x. The addition is the operator that the atom is randomly added in the calculation cell. The elimination is the operator that crystal structures with a wide variety of x are created by step-by-step eliminating the atoms in the cell. Similarly, the substitution is the operator that the structures are created by step-by-step substituting the atomic species. For example, in the case of Fig. 2, x is gradually decreased (increased) to 0 (1) by eliminating the large (small) balls or substituting the large (small) ones 
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for the small (large) ones. Especially, these operators are effective for the exploration with respect to the case that the structure is basically similar, although the chemical composition is different, e.g. low-, intermediate, and high-T c superconducting phases predicted in compressed sulfur hydrides 17, 18 . Next, the adaptive mutation and the mating are performed, in which the candidates are created using the structural information about both T1 and T2 (Fig. 3 ). The adaptive mutation is a controversial theory of biological evolution 19, 20 and a hypothesis that the mutations are much less random and more purposeful than those considered in traditional evolutionary theory. In this study we adopted this idea in crystal structure search algorithm. The adaptive mutation is the operator that the structures are created by step-by-step transforming T1 (T2) until the composition x and the number of the formula unit included in the calculation cell, n f.u. , coincide with those of T2 (T1). Here, we represent variations of the number of the α and β atoms according to the transformation as ∆N α and ∆N β , respectively. The number of the adaptive mutation steps, n step , is defined as the greatest common divisor (gcd) of the absolute values of ∆N α and ∆N β , i.e. n step = gcd(|∆N α |, |∆N β |). The number of the atoms in the calculation cell is varied by δN α = ∆N α /n step for α and δN β = ∆N β /n step for β at each step. The atoms in the unit cell are operated according to five cases determined by the condition of δN α and δN β , as shown in Table I . For example, in Fig. 3 , δN α (small ball) and δN β (large ball) are -1 and 2 for the transformation from T1 to T2, respectively. The value of δN α + δN β is equal to 1, which is classified into the case (iii)-(b); first a large ball is substituted for a small ball selected randomly, and then a large ball is randomly added. At this stage, the composition is increased to x = 0.6667, which is intermediate one between T1 and T2. Performing the similar procedure again, a candidate structure with x = 0.8 is created, based on the structural information of T1. In contrast, when the transformation starts from T2, corresponding to the case (iii)-(c), candidate structures with x = 0.6667 and 0.5 are created by the random elimination of the large balls in addition to the substitution, based on the structural information of T2.
The mating is the operator that a structure is created by combining T1 and T2, which is similar to the "heredity" operator proposed by Oganov et al. 10 . First, each structure is cut into two at the plane, which passes through a point s (0 ≤ s < 1) on the axis randomly selected and is parallel to the plane formed by the other two axes. Then, the [0, s) region for T1 and the [s, 1) region for T2 are combined. The calculation cell of the combined structure is obtained by mixing the lattice parameters of T1 and those of T2 with a rate of s : 1 − s. In this way, a candidate structure is created with a composition different from T1 and T2, and further two structures are created from the structure, as with the case of the adaptive mutation ( Fig. 3) .
Note that there are three cases with respect to n step : n step ≥ 2, n step = 1, and n step = 0 ( Fig. 1 ). For the first case, both the adaptive mutation and the mating are applied as shown in Fig. 3 . For the second case, cell expansion is performed before the application of the adaptive mutation and mating because no intermediate chemical compositions between T1 and T2 are created by the procedure mentioned above. First the calculation cell is doubled along the axis with the smallest length of the three for both T1 and T2, and then the adaptive mutation and mating are applied to the expanded cells. This procedure achieves the increase of n step to 2 and the creation of the intermediate compounds between T1 and T2. For the third case, only the mating is applied because T1 has the same x and n f.u. as T2 and the adaptive mutation is unnecessary. If computational resources are still available, further structures can be created using other T1 and T2. Then, the structural optimizations are performed and the convex hull is updated.
III. APPLICATION TO CARBON-HYDROGEN BINARY SYSTEM
We applied the evolutionary construction technique to carbon-hydrogen binary system (C 1-x H x ) under high pressure. Carbon, hydrogen, and hydrocarbon have profoundly affected humankind, and the knowledge of thermodynamically stable phases of C 1-x H x system is important for materials science, earth and planetary science, life science, and so on. Gao et al. predicted that methane, CH 4 (x = 0.8), dissociates into ethane, C 2 H 6 (x = 0.75), at 95 GPa, butane, C 4 H 10 (x = 0.7143), at 158 GPa, and diamond (x = 0) at 287 GPa at zero temperature 22 . Liu et al. searched for stable phases of the binary system in pressure range of 100-300 GPa and predicted that ethylene, C 2 H 4 (x = 0.6667), C 2 H 6 , and CH 4 emerge on the convex hull at 100 GPa, and CH 4 and C 2 H 6 become unstable at 100 GPa and 200 GPa, respectively 23 . These results indicate that hydrogen-rich hydrocarbons get to be unstable with the increase of pressure. In contrast, there is a possibility that novel hydrocarbons are stabilized in low pressure region, and we explored them by performing the evolutionary construction technique at the pressure of 10 GPa.
First, we developed the calculation code of the evo- lutionary construction technique following the flowchart shown in Fig. 1 , and combined it with the Quantum ESPRESSO (QE) code 24 to perform the optimization for the structures created by the evolutionary operators. In this study, we intentionally used no experimental and theoretical results on the stable compositions and structures reported earlier in order to verify the prediction ability of our search technique. For the preliminary generation (n gen = 0), we prepared for the calculation cell including 10 carbon atoms and step-by-step substituted a hydrogen atom for a carbon one. In this way, x was increased from 0 to 1 with an interval of 0.1, and 11 compositions were created. The lattice parameters and atomic positions were randomly generated at each x. The number of the atoms in the calculation cell, which is increased by the addition, the mating, the modulation, and the cell expansion, was limited to less than 80. The atoms were displaced by ±0.05 in fractional coordinates with respect to the modulation. The pressure was set at 10 GPa. We used Perdew, Burke and Ernzerhof 25 for the exchange-correlation functional, and the Rabe-Rappe-Kaxiras-Joannopoulos ultrasoft pseudopotential 26 . The k-space integration over the Brillouin zone (BZ) was performed on a 16 × 16 × 16 grid for the compounds with 1-4 atoms in the calculation cell, 12 × 12 × 12 for 5-8 atoms, and 8 × 8 × 8 for more than 8 atoms. The energy cutoffs were set at 100 Ry for wave function and 800 Ry for charge density, respectively. Figure 4 (a) shows the evolution of the formation enthalpy convex hull with respect to the composition x in C 1-x H x . The convex hull is roughly converged at the second generation, in which the compounds with x = 0.5, 0.75, and 0.8 appear on the convex hull, and the compound with x = 0.8889 emerges on the convex hull at the sixth generation. The compound with x = 0.8889 is first created by applying the operator "elimination" to the compound with x = 0.8 including four CH 4 molecules in the calculation cell and then is refined by applying "modulation" at the seventh generation and "reflection" at the tenth generation (Fig. 5) . The result at the 11th generation shows that the hull distance is gradually decreased with the increase of x and many hydrogenrich compounds are close to the convex hull, which implies that hydrogen-rich compounds are more stable than carbon-rich ones at 10 GPa. Figure 4 (b) shows the compounds included in the region that the distance from the convex hull (∆H) is less than 0.5 mRy/atom. In Ref. 27 , the authors reported that more than 80% of experimentally synthesized compounds included in the Inorganic Crystal Structure Database (ICSD) have ∆H less than 36 meV/atom (= 2.65 mRy/atom). This error is associated with the approximations used in first-principles calculations and the omission of temperature effects. Therefore, we used the tolerance of ∆H < 0.5 mRy/atom, which is less than one-fifth of the error, to search for potential compounds that can be synthesized by experiments. All the compounds with ∆H < 0.5 mRy/atom, i.e. 15 hydrocarbons, are listed in Table II . The compounds with x = 0.5, 0.6, and 0.6667 are formed by polymerization of C 2 H 2 , C 4 H 6 , and C 2 H 4 molecules, respectively. Here, we indicate the polymerization with the subscript n. (C 2 H 2 ) n takes a trigonal P -3m1 structure polymerized two-dimensionally in the ab plane ( Fig. 6 (a) ), which has been known as the chair-type graphane 28 . (C 4 H 6 ) n (polybutadiene) and (C 2 H 4 ) n (polyethylene) take a monoclinic C2/m polymerized along the a axis ( Fig. 6 (b) ) and a monoclinic P 2 1 /m polymerized along the b axis ( Fig. 6 (c) ), respectively. The structural parameters are listed in Table  III . The compounds with 0.7143 ≤ x ≤ 1 are formed by the condensation of isolated C 4 H 10 , C 2 H 6 , CH 4 , and H 2 molecules. The structural parameters are listed in Table  IV . C 4 H 10 and C 2 H 6 take a triclinic P -1 ( Fig. 7 (a) ) and a monoclinic C2/c ( Fig. 7 (b) ), respectively. C2/c C 2 H 6 is energetically nearly degenerate with P 2 1 /c C 2 H 6 predicted earlier 22 . In the region of 0.75 < x < 0.8, molecular compounds of C 2 H 6 and CH 4 are thermodynamically stable, and especially the compound with C 2 H 6 : CH 4 = 1 : 2, i.e. C 2 H 6 (CH 4 ) 2 , with a triclinic P -1 (Fig. 7 (c) ) is energetically competing with the dissociated state, C 2 H 6 + CH 4 : ∆H = 0.06 mRy/atom. CH 4 with x = 0.8 takes a monoclinic C2/c structure ( Fig. 7  (d) ), which is energetically nearly degenerate with monoclinic P 2 1 2 1 2 1 structure predicted earlier 22 . Similarly, in the region of 0.8 < x < 1, molecular compounds of CH 4 and H 2 (hydrogen) are stabilized, and especially CH 4 (H 2 ) 2 with CH 4 : H 2 = 1 : 2, which takes a tri- clinic P -1 ( Fig. 7 (e) ), emerges on the convex hull. For H 2 with x = 1, we obtained a new structure with a monoclinic P 2 1 /c ( Fig. 7 (f) ), in which the orientation of the H 2 molecules is different from those of the structures predicted earlier 29 . The enthalpy of the P 2 1 /c structure is lower by 0.03 mRy/atom than that of a hexagonal P 6 3 /m structure 29 , which are energetically nearly degenerate with each other. Our results suggest that the most hydrogen-rich hydrocarbon on the convex hull is CH 4 (H 2 ) 2 (x = 0.8889), which is qualitatively consistent with the results of earlier experiments 30 and recent first-principles calculations 31 . The compounds with x > 0.8889 is thermodynamically unstable, and ∆H is increased with increase of x. The most and second most hydrogen-rich compounds created in this study are CH 4 (H 2 ) 15 with CH 4 : H 2 = 1 : 15 (x = 0.9714) and CH 4 (H 2 ) 14 with CH 4 : H 2 = 1 : 14 (x = 0.9697), and they show ∆H of 1.32 mRy/atom and 0.78 mRy/atom, respectively. We investigated the band gaps of 15 hydrocarbons (See Table II ). The band gap increases from 4.3 to 7.7 eV with increase of x from 0 to 0.75 and varies in the range of 7.9-8.1 eV for the molecular compounds of C 2 H 6 and CH 4 and in the range of 7.9-8.4 eV for the molecular compounds of CH 4 and H 2 .
IV. CONCLUSION
We proposed the evolutionary construction technique of the formation energy convex hull to search for thermodynamically stable phases in compounds. The potential candidates for the stable compounds are created by applying the three evolutionary operations, "mating", "mutation" (permutation, distortion, reflection, modulation, addition, elimination, and substitution), and "adaptive mutation", to two compounds on and near the convex hull. In other words, the compositions and the structures for the next generation are created using the structural information of the stable and metastable compounds at the present generation. It is important for search algorithms to achieve a balance between exploration (global search) and exploitation (local search). In our search technique, the elimination and the substitution included in the mutation achieve the exploration with respect to the variation of the compositions, and the others correspond to the exploitation. In addition, the mating and the adaptive mutation increase the diversity with respect to the compositions and the structures. We emphasize that this technique can be applied to not only binary but also ternary or multinary system. Evolutionary algorithm usually requires setting many parameters such as heredity rate, permutation rate, mutation rate, population size, etc., to perform the structure search and tuning them to find the structures efficiently. Our technique reduces the burden on the parameter setting and tuning because the candidates are systematically created based on the rules shown in Figs. 2 and 3 .
We applied the evolutionary construction technique to C-H binary system at 10 GPa and searched for thermodynamically stable compounds. As the results, in addition to diamond and P 2 1 /c H 2 , we obtained 15 hydrocarbons with the convex hull distance less than 0.5 mRy/atom: (C 2 H 2 ) n , (C 4 H 6 ) n , (C 2 H 4 ) n , C 4 H 10 , C 2 H 6 , C 2 H 6 CH 4 , C 2 H 6 (CH 4 ) 2 , C 2 H 6 (CH 4 ) 6 , CH 4 , (CH 4 ) 8 H 2 , (CH 4 ) 2 H 2 , CH 4 H 2 , (CH 4 ) 5 (H 2 ) 6 , (CH 4 ) 2 (H 2 ) 3 , and CH 4 (H 2 ) 2 . These results indicate that hydrocarbons with x ≤ 0.6667 are polymerized, those with 0.75 < x < 0.8 form the molecular compounds of C 2 H 6 and CH 4 , and those with 0.8 < x < 1 form the molecular compounds of CH 4 and H 2 . Our calculations show that CH 4 (H 2 ) 2 (x = 0.8889) is the most hydrogen-rich compound on the convex hull at 10 GPa, which is qualitatively consistent with the previous experimental and first-principles results. The compounds with x > 0.8889 are thermodynamically unstable and the hull distance increases with the increase of x. These results suggest that the evolutionary construction technique is useful to obtain the knowledge on thermodynamically stable compositions and structures.
